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I. INTRODUCTION 
The notion of assigning a linear measure to point sets 
lying in a plane, which is a generalization of arc length, 
has been considered in many ways. Among these definitions 
are those of Minkowski (12), Young (16), Janzen (10) and 
Carathéodory (5). The Minkowski measure is defined similar 
to Jordan content and thus has many of the same faults. For 
example, the set of rational numbers in [0, 1] is not 
Minkowski measurable. Young himself found inconsistencies 
for his own measure. Janzen measure is not independent of 
the coordinate system as shown by Gross (9). The definition 
proposed by Carathéodory is the most widely accepted and the 
one used in this paper. 
Besicovitch (2-4 ) studied the density properties of 
plane sets with finite linear measure and discovered many 
interesting and unexpected relations. Following the defini­
tion of Besicovitch, s is a regular point of S if the density 
of S at s is equal to one. All other points of S are ir­
regular points of S. 
For sets of points on a line the linear measure of the 
set is the same as the Lebesgue measure of the set. Lebesgue1 
density theorem states that for any measurable set on a line, 
the set of irregular points of the set has measure zero. 
However this is not true for linearly measurable plane sets 
in general. Besicovitch (2) and others have constructed 
plane sets with positive linear measure for which almost all 
of the points are irregular. It is shown in Chapter III that 
if S is linearly measurable then the set of regular points 
of S is linearly measurable. 
The definition of opaque subsets of a square is ac­
credited, to Bagemihl (1). In this paper Bagemihl poses the 
question (1, p. 103): "If S is a linearly measurable opaque 
set, how small can the linear measure of S be?" Since the 
projection of S onto a diagonal of the square is that"diago­
nal, the linear measure of S is at least n/2; a proof is given 
by Gross (8). Also since the projection of S onto any line 
has linear measure at least one, the linear measure of S is 
not less than tt/2. This is a result of Eggleston (6). In 
Chapter IV it is shown that S has linear measure not less 
than two, and an example of an opaque set with linear measure 
>J2 + ^  is given. 
An opaque set of degree a, for any cardinal number a, is 
defined in Chapter IV. It is shown that if 2 < a < c, there 
exists an opaque set of degree a and it is clear from the 
definition that there is no opaque set of degree one.or of 
degree greater than c. 
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II. DEFINITION'S, NOTATION AND PRELIMINARY THEOREMS 
Throughout this paper we will use certain well known 
results and definitions. Some of these, together with some 
preliminary theorems, are compiled here for convenience. 
All sets of points considered in this paper will be sub­
sets of a fixed Euclidean plane, which will be denoted by E^. 
The complement of B with respect to A is defined by 
A - B = £ x : x e A , x  /  B], 
and the complement of B will mean E^ - B. The null or empty 
set will be denoted by 0. The product or intersection, AB 
or A H B, of two sets A and B is defined as 
AB = A A B = £x : x e A and x £ B^ . 
The product or intersection of a collection of sets ^S^] is 
defined as 
ft S = fx :  x e S for all al.  
a a  a  J  
The sum or union of a collection of sets [is defined as 
S^ = £x : x £ SQ for some a j. 
If x = (x-p Xg) and y = (y^, y_) are any two points in 
E^, the distance between x and y will be defined as 
4 
. p(x, y) = [(x1 - Yi)2 + (xg - Y2)2]^-
The diameter of a set is defined as ô(A) = sup p(x, y) where 
x and y vary over A. The distance between two sets A and B 
is defined as d(A, B) = inf p(a, b), where a varies over A 
and b varies over B. 
A set whose members, are sets will be called a class 
and classes will be denoted- by Greek letters marked with an 
asterisk, e.g., a*, (3*, etc. The union of the elements of 
a* will be defined by 
a ' = LJ A. 
Accc* 
Let S be an arbitrary set in E. Given a positive number 
p, let a* be a class with elements, An, n = 1, 2, ..., where 
each An is an open convex region such that 6(A^) < p and 
a D S. The exterior linear measure of S, denoted by L*(S), 
is defined by 
CO 
L*(S) = lim inf 2 6(A) 
p->0 cc* n=l 
where a* ranges over all classes satisfying the above condi­
tions for a given p. Since 
CO ' 
inf S 6(A ) 
a* n=l 
5 
is non-decreasing as p _v Q, 
CO 
inf Z 6(A^) 
a* n=l 
approaches a limit, finite or infinite, as p _+ 0. Thus L*(S) 
is defined for any set S. 
A set S is linearly measurable, hereafter referred to as 
measurable, if for every set A, L*(A) = L*(AS) + L*(A - S). 
This criterion for measurability is accredited to Caratheodory. 
As defined above, L* is a regular, metric outer measure 
(see Munroe, 13) and thus has the following properties : 
(1) L* is non-decreasing 
(2) For any class a* with a countable number of 
elements, An, 
00 
L * ( a )  <  Z  L * ( A  )  
n=l 
( 3 )  L * ( 0 )  =  0  
(4) If d(A, B) > 0, then L*(A U B) = L* ( A )  + L*(B) 
(5) Every Borel set is measurable 
These properties will be used implicitly throughout the re­
mainder of this paper. The phrase almost all of S will mean 
all points of S with the exception of a set of linear measure 
zero. 
Theorem 2.1. If a* is a class with a countable number 
6 
of elements, An, such that L*(a) < 00 and d(A^, Am) > 0 if 
n / m, then 
L * ( a ) = Z L*(A ). 
n=l n 
Proof. Suppose 
Z L*(A ) = L*(a) + c for some c > 0, 
n=l n 
Using an induction argument on Property 4 we have 
K K 
2 L*(A ) = L*( U A ) 
n=l n n=l n 
for any integer K. Since the series converges, there exists 
an integer N such that 
CO 
Z  <  c / 2 .  
n=N+l 
Hence 
00 N 00 
Z  L * ( A ^ )  =  Z  L * ( A _ )  +  Z  L * ( A  )  
n=l n=l n=N+l 
N 00 . 
L * ( U  A ^ )  +  Z  L * ( A ^ )  <  L * ( a ) + § .  
n=1 n=N+l 
7 
•This contradiction shows that 
00 
Z  L * ( A j  <  L * ( d ) ,  
n=l 
which together with Property 2 above establishes the theorem. 
A circle with center a and radius r will denote the fol­
lowing set, 
c(a, r) = £x : p(x, a) < rj. 
Consider the ratio ?—r]_)^ lower limit, the upper 
limit and the limit if it exists of this ratio as r 0, are 
called respectively the lower exterior density, the upper 
exterior density and the exterior density of the set S at the 
point a (a need not belong to S) and are denoted by D*(a, S), 
D*(a, S) and D*(a, S), respectively. If S is measurable, the 
asterisk and the word exterior are omitted. 
A point s of S is called a regular point of S if D*(s, S) 
exists and D*(s, S) = 1. Any other point of S is called an . 
irregular point of S. A set S is called a regular set if 
almost all points of S are regular points of S, and if almost 
all points of S are irregular points of S the set is called 
an irregular set. 
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III. LINEAR MEASURE 
Throughout this chapter, unless otherwise designated, 
the term class will denote a countable collection, each of 
whose members is an open convex region. Also every set 
denoted by A or B will have finite exterior linear measure. 
Results similar to several of those in this chapter have 
been established by Jeffrey (11) for sets in E^. 
Definition 3.1. Two sets A and B are separated if for 
every € > 0 there exist two classes a* and p* such that 
L*(A - a) < £ , L*(aB) <€, L*(B - 0) <£ and L*({3A) <£. 
Three obvious properties of separated sets are : 
I. If A and B are separated and CCA, then B and C 
are separated. 
II. A and B are separated if L*(A) = 0. 
III. A and B are separated in the sense of Definition 3.1 
if they are topologically separated, i.e. neither 
contains a point or limit point of the other. 
Lemma 3.1. If A and B are separated then L*(AB) = 0. 
Proof. Suppose L*(AB) = £ > 0, and let a* be any class 
such that L*(A - a) < ^/2. Since a is an open set it is 
measurable, hence L*(AB) = L*(aAB) + L*(AB - a) < L*(aAB) 
+ £/2. Therefore L*(aB) > L*(aAB) > £ - ^/2. This contradic­
tion establishes the lemma. 
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Definition 3.2. For any set A and B let 
An = {a : a e A, D* (a, B) = 0^ 3 
and 
. +  
Ag = £a : a e A, D* (a, B) > 0^, 
A proof of the following lemma may be found in Munroe 
( 1 3 ) .  
Lemma 3 : 2 .  If ^A^ is a sequence of sets such that 
An C An+1 
and 
then 
lim A = A, 
lim L*(A ) = L*(A) 
n_x°° 
Theorem 3.1. If A and B are sets such that for every 
£ > 0 there exists a class a* such that L*(A - a) <€ and 
L*(aB) <£ , then A and B are separated. 
Proof. For any € > 0 there is a class a* such that 
L*(A - a) < £/3 and L*(aB) < É/3. From Lemma 3.2 there 
exists an integer N such that 
10 
of- N 
L*(A) - L*(a 'A) < ~ô~ for a ' = an , a e a*, 
J n=l 
therefore L*(a 'A) > L*(A) - Let 
N 
vi = H vij 
where v^ j is closed, 
v i j  C a j '  v ( i - l ) j  c  v i j  a n d  U  v i j  =  a j  
For M sufficiently large, from Lemma 3.2 we have 
L * ( a ' A )  -  L * ( A V ^ )  <  C / 3 ,  
therefore 
L*(AV M )  >  L*(A'A)  -  € /3  > L*(A)  -
Since and the complement of a, - a, are disjoint closed 
sets and is bounded there exists a ô > 0 such that 
d(V^, - cc) = b. Let (3* be a class such that p Z> B - a and 
d(VM, p) > b/2. Then L*(B - P) < L* ( a B ) < € , therefore 
L*'(VMA) + L*(PA) = L*(( VMA) v/ (PA))< L*(A). Thus L*(pA) < 
L*(A) - L*(VMA) < € so A and B are separated by Definition 3.1. 
Lemma 3.3. If A^ and A^ are separated sets and A^ and 
Ag are separated sets then A^ and A^ \J Ag are separated sets. 
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Proof. For any £ > 0 there are two classes a* and (3* 
such that 
- a )  <  2 / 2 ,  L * ( a A ^ )  <  G / 2 ,  L * ( A g  -  p )  <  C / 2  
and 
L*(pAi) < </2. 
Let y* = a* U P*? then 
L* ( y A 1 )  <  L* ( a A 1 )  +  L* ( p A x )  <  6/2 + É/2 = 6 
and 
L* ( (A 2  U A 3 )  -  Y )  =  L* ((AG -  Y )  U (A 3  -  Y ) )  
< L*(Ag - Y) + L*(Ag - Y) < L*(Ag - a) + L*(Ag - p) 
< €/2 + 6/2 = e. 
Since a class y* satisfying the above inequalities can be 
found for any £ > 0, A^ and A^ U Ag are separated by 
Theorem 3.1. 
Theorem 3.2. If Aq = [a : a £ A, D*(a, A) = 0^ then 
L*(Aq) = 0. 
Proof. Given any é > 0, for each a e Aq there exists an 
R > 0 such that for all r < R 
L*(Ac(a, r)) , , 
2r ^ c 
12 
For a fixed 6, let En denote the set of points of Aq such 
that Inequality 1 holds for all r < 1/n. Since 
lim En = Ag and Em C Efi 
if m < n, Lemma 3.2 guarantees the existence of a positive 
integer N such that for all n > N 
( 2 )  >  L * ( A q )  -  6  
For some K > N, let a* be any class such that 
CO 
a 0 E_, 6(a ) < 1/K and Z 6(A) < L*(An) +€. 
N. n n=l u 
About each set circumscribe a circle c^ of radius 6(an) 
with center at some point of E^. Then 
L * ( A c  )  
^r^r< « 
from Inequality 1. But 
00 
M Cn ^  Œ D EK n=l 
so 
13 
L*(A N )  -  6 < L*(E K )  =  L*(EK . (  U c )) < E L*(Ew-C )  
u is.  is.  n = i  n n = i  ^ n 
<  Z  L * ( A c ^ )  <  2  6  Z  6 ( o .  )  <  2  € ( L * ( A _ . )  +  6 ) .  
n=l n n=l n u 
Since £ is arbitrary, this is true only if L*(Aq)  =  0 .  "  
A family of of circles covers A in the sense of 
Vitali if every point of A is the.center of a sequence of 
circles of F^ with radii approaching zero. 
The proofs of Lemma 3.4 and Lemma 3.5 may be found in 
W. Sierpinski (15). Lemma 3.4 applies to any plane set. 
Lemma 3.4. If F^ covers A in the sense of Vitali, then 
there exists a sequence of mutually exclusive.circles £cn3> 
c^ E F^, such that if is a circle (not necessarily be­
longing to F^) with the same center, and with radius three 
times that of c , then 
U 3 A. 
n=l 
Lemma 3.5. If A^ = [a : a E A, D*(a, A) > l3 then 
L*(AX) = 0. 
Randolph (14) has shown that if D*(a, A) > k > 0 for 
almost all a in A and F^ is a family of circles covering A in 
the sense of Vitali, then there exists a sequence of. mutually 
disjoint circles, £cn"]> of F^ such that 
14 
L*(A -•U c ) = 0. 
n = l n 
The following theorem is a generalization of Randolph's result 
in the sense that it is only required that D*(a, A) > k > 0 
for almost all a in A, however the circles c^ may not be 
members of a given F^. 
Theorem 3.3. If there exists a k > 0 such that 
D*(a, A) > k for almost all a e A, then for any € > 0 there 
exists a mutually exclusive sequence of circles such 
that each c has a point of A as its center with radius less 
than € and • • 
CO 
L*(A - U c ) = 0. 
n=l n 
Proof. From the conditions of the theorem and Lemma 3.5, 
the set A1 = £a : a e A, k < D*(a, A) < l} has the property 
that L*(A) = L*(A'). At each point a e A' there exists a 
sequence of circles £c ( a, r^ , r^ <6 , rn -> 0 such that 
L*(Ac(a, r )) 
(1) k/2 < — 
n 
and 
(2) 
L* ( Ac ( a , 3r )) 
z — < 2 
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Let C denote this family of circles. Hence from Lemma 3.4 
there exists a sequence of disjoint circles £c ^, 
cn = c(a , r ) such that 
U c(a , 3r ) D A1 
n=l n 
Since Inequality 1 is true for each c^ and they are disjoint 
N N M 
k I r < Z L*(Ac ) =. L*(A( U c )) 
n=l n n=l n n=l n 
< L*(A( U c )) < L*(A) . 
n=l n 
Thus the series 
* 
OO 
n=l ^  
converges and 
(3) k S r < L*(A( U c )). 
n=l n n-1' n 
Since 
00 
U c(a , 3r ) 3 A' 
n=l n n 
and Inequality 2 holds for each c(a^, 3r^) we have 
16 
CO CO 
(4) L * ( A )  <  Z  L * ( A c ( a  ,  3 r  ) )  <  1 2  Z  r  
n=l n n n=l n 
Therefore from Inequalities 3 and 4, 
00 00 
kL*(A) < 12k Z r < 12L*(A( (J c )) . 
n=l n ~ n=l n 
Let 
N 
S1 " U C(an' rn> 
then there exists an integer N such that kL*(A) < 12L*(AS^). 
Thus (12 - k)L*(A) > 12(L*(A) - L*(ASj) . Since S^ is closed 
it is linearly measurable so that L*(A) = L*(AS^) + L*(A - S^) 
and hence 
Now let denote the family of circles which are in C 
that have no point in common with S^. Since 5^ is closed, 
for every a £ A' - S^ there exists a circle c(a, r) such that 
S^c ( a, r ) = 0, so that C-^ ZD A1 - S^. Proceeding exactly as 
above, using in place of C and A1 - S^ in place of A', we 
obtain a set Sp which is the union of mutually exclusive 
circles of and the following relation, analogous to 
(5) L*(A - Sx) < 1212 k L*(A) 
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Inequality 5 
( 6 )  L *  ((A _ s ^ )  -  8%) < k L*(A -  S ^ )  
From Inequalities 5 and 6 we have 
L* (ÇA -  S X )  -  S 2 )  <  ( 1 2 2 G K )  L*(A -  S 1 )  
<  L*(A)  
Continuing this process we have mutually exclusive sets 
each consisting of mutually exclusive circles of C such 
that for every positive integer M, 
M 12 - k M 
L*(A - U S) < L*(A - U S ) < ( 12 ) L*(A) 
n=l n n=l n ^ 
But k > 0 and L*(A) < °° so that 
CO 
L*(A - U S J - 0. 
n=l n 
Theorem 3.4. Given any > 0 and 62 > 0 there exists 
a mutually exclusive sequence of circles £cn^ such that each 
cn has a point of A as its center, radius less than and 
00 
L*(A - U c ) < C9. 
n=l n ^ 
Proof. Let Aq = £a : a e A, D*(a, A) = 0^ and 
18 
î a e A, 1/n D*( a, A) 1^ and 
A1 = £a : a e A1 D* ( a, A ) > 1^. 
A 1 C A 2 C  . . .  C A n C  An+1 c . . .  C  A - ( A g  w  A '  )  
and ' 
lim An = A - (AqU A'). 
n_fo 
By Theorem 3.2 and Lemma 3.5 L*(Aq u A')= 0 so by Lemma 3.2 
lim L*(An ) = L* (A - (Aq u A' )) = L* (A) . 
n.00 
Hence given any there is an integer N such that 
L*(An) > L*(A) - £2 if n > N. By Theorem 3.3 for each 
positive integer n there exists a mutually exclusive sequence 
of circles £cn(such that each cn(^) has a point of A^ as 
its center with radius less than £^ and 
L*(An " ^  cn(K)> = °' 
Therefore 
L*(A _ M Cn(K) ' = L*(A) " L*(A(,yL Cn(K)" 
<  L * ( A )  -  L * ( A ^ ( U  =  L * ( A )  -  L * ( A ^ )  <  E g '  
K-1 
19 
Lemma 3.6. If the sets are such that 
An C An+1 ' ^  An " A 
rn°° 
and the sets A^ and B are separated for each n, then the sets 
A and B are separated. 
Proof. Since A^ and B are separated, for every £ > 0 
there exists a class a* such that L*(An - a ) < ^/2n and 
L*(a^B) < C/2". Let 
a* - U a* ? 
n = l n 
then 
L * ( A  - a) = L * ( A  -  U a ) = L*( U ( A _  - U a.)) 
n=l n K=1 R n=l n 
<  Z  L * ( A _  -  (J a ^ )  <  Z  L * ( A _  -  a _ )  
K=1 ^ n=l " K=1 ^ ^ 
OO 
< Z C/2^ = € 
K=1 
and 
L*(ctB) = L*(B( U a )) < Z L*(anB)< Z €/2 = € 
n=l n n=l n n=l 
Therefore the sets A and B are separated by Theorem 3.1. 
20 
Theorem 3.5. The sets Ag and B are separated. 
Proof. For any pair of positive numbers €, 6, we define 
two sets as follows : 
A U ,  6 )  =  [ a  :  a  s  A ° ,  r "  <  6 / 2 ,  
for every r < 6^ 
and 
r  L * ( B c ( b ,  r  ) ) '  
B(€) = [b : b e B, £ < -
2rn 
for some oj. 
Suppose for some pair of numbers €^, 6^ that the sets 
A(€p 5^ ) and B(€^) are not separated. From III following 
Definition 3.1 there is a sequence ^b^, b^ s B(£^) such that 
lim b = 3^ for some a^ s A(£^, 6^). 
n->°° 
For every b^, 0 < 2b^ < r^ < 6^, there exists a bn such that 
c(bn, rN - bg) C c(aQ, r^). From the definition of A(£^, 6^) 
and B(£^) we have 
2 € ^ ( r ^  -  <  L * ( B c ( b ^ ,  r ^  "  & 2 %  
< L*(Bc(a0, rN)) < £^r^. 
This inequality is contradictory, hence A(£, b) and B(£) are 
21 
separated for every pair of numbers €.,,6. 
For any given £> 0, A(€, 1/m) CA(f, 1/n) if m < n and 
lim A(£, 1/n) = A?; 
^n_f° b 
also B(1/m) C B(1/n) if m < n and 
lim B(1/n) - B - Bn ' 
n^F° 
where Bq = £b : b e B, D*(b, B) = 0^. Since A(£, 1/n) and 
B(1/m) are separated, Ag and B(1/m) are separated by Lemma 
3.6. Similarly A® and B - Bq are separated. Therefore Ag 
and B are separated since L*(Bq) = 0 from Theorem 3.2. 
Theorem 3.6. There is no E C A„ such that L*(E) > 0 and 
D 
E and B are separated. 
+ Proof. Suppose there exists a set E C Ag such that 
L*(E) = X > 0 and E and B are separated. Then for each e e E 
there exists a d > 0 such that 
L*(Bc(e, r )) 
(1) 2F — > d 
for a properly chosen sequence £rn^ 0 as n <». Let E(d) 
be the part of E for which Inequality 1 holds for a given d. 
Then E(1/m) C E(1/n) if m < n and 
lim E(l/n) = E. 
n_+°° 
22 
Thus by Lemma 3.2 there is an N such that L*(E1) - > X/2 
where E1 = E(l/N). By hypothesis, E and B are separated, 
hence E1 and B are separated. Therefore for any £>0 there 
exists a class a* such that 
(2) L*(E! - a) < £ and L*(aB) <€. 
Let E" = £e : e E', D*(e, E1) < 1^. By Lemma 3.5, L*(E") 
= L*(E'). Let C be the family of circles £c(e, rsuch that 
e e E" , c(e, r) Ca, ^ ^  7 ^ < 2 and Inequality 1 is 
satisfied. From Lemma 3.4 there exists a sequence of dis­
joint circles £c(e , rnsuch that 
c(en' rn> e C 
and 
U c ( e , 3r ) D aE" 
n=l n n 
Let 
n=l n n' 
C' = W c(e^, O . 
From Inequality 1, 
L*(ccB)  >  L*(C'B)  =  Z L*(Bc(e^,  r^) )>  2 /N Z r 
n=l n n n=l n 
Also 
23-24  
L* ( a E 1 ) = L*(ccE") < L* ( E" ( U c(en, 3r ))) 
n=l n n 
L*(E' ( U  c(e_, 3r ))) < Z L*(E'c(e , 3r )) 
' • n = l n n n=l n n 
< 12 n! l  r -
From Inequality 2, L* ( a E 1) > L*(E1) - £. Therefore 
L*(aB) > 2/N Z r > 2/N L*j°E'^ 
n = l Z 
>  m  ( L * ( E ' )  - € )  >  ^  ( X / 2  -  € )  
Since € is arbitrary and N is fixed, this contradicts In­
equality 2 and establishes the theorem. 
Theorem 3.7. There is no E C. A* such that L*(E) > 0 
+ 
and E and are separated. 
Proof. By Theorem 3.5 B? and A are separated, hence B^ 
and Ag are separated. If E C Ag is such that L*(E) > 0 then 
by Theorem 3.6 E and B are not separated, but E and B^ are 
separated. Therefore E and -B^ are not separated by Lemma 3.3, 
Theorem 3.8. The sets Ag and Ag are separated. 
Proof. For any pair of positive numbers 6, 5, we define 
two sets as follows : 
25 
and 
A0 ( e ,  ô) = f a :  a £ A ° ,  L*(Bc(a, r ) )  <  </2,  
for every r < &3 
r + L*(Bc(a, r )) 
A+(€) = [a: a g Ag, C < ^ 
n 
for some fr^$ _+ 0^. 
Suppose for some pair of numbers , that the sets 
Aq(£^, 6^) and A+ ( ) are not separated. From III following 
Definition 3.1 there is a sequence a^ e A+(é^) such that 
lim an = 3q for some aQ e Aq(£^, 0^). 
n^°° 
For every 6^, 0 < 2&g < < 6^, there exists an an such that 
c(an5 rN - &2) C c(aQ, r^). From the definition of 6,) 
and A+(6^) we have, 
2£1(rN - S2) < L*(Bc(an, rN - &2) 
< L*(Bc(a0, r N l )  <  2 r N < 1 / 2  =  .  
This inequality is contradictory, hence Aq(C, ô) and A+(€) 
are separated for every pair of numbers 6, &. 
For any given £ > 0, 
Aq ( 6 ,  1/m) C  Aq(£, 1/n) if n > 
and 
m 
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lim Aq(£, 1/n) = Ag; 
n_f° 
also 
A+( 1/m) CA+(l/n) if m < n 
and 
lim A+(1/n) = Ag. 
n_+°° 
Therefore by Lemma 3.2, for any > 0 there exists a pair of 
integers n, m such that L*(Ag) - L*(A+( l/m)) < X-^ and 
L*(A°)  -  L*(Ag( l /mi  1 /n) )  < .X^.  . . .  
Now suppose Ag and Ag are not separated. Then there 
exists a X > 0 such that if a* is any class with the property 
that L*(Ag - a) < X, then L*(aAg) > X. From above, there 
exists a pair of integers N, M, such that 
L*(A°)  -  L*(Ao( l /N,  1 /M))  <  X/2  
and 
L*(A+)  -  L*(A+(1/N))  <  X/2 .  
If a* is any class such that L*(Aq(1/N, 1/M) - a) < X/2, then 
L*(A°  -  a )  =  L*(A°)  -  L*(aAg)  
<  L*(A°)  -  L*(aAg( l /N,  1 /M))  
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= L*(A°)  -  (L*(Ag( l /N,  1 /M))  -  L*(Ao( l /N,  1 /M)  -  a) )  
<  X/2  +  X/2  = X.  
therefore 
X <  L*(aA+)  =  L*(A+)  -  L*(A+(1/N))  
+  L*(aA+( l /N))  -  (L*(A+ -  a )  -  L*(A+( l /N)  -  a) )  
<  L*(A+)  -  L*(A+(1/N))+  L*(aA+( l /N))  
<  X/2  +  L*(aA+( l /N)) ,  
so that L*(ccA+ ( 1/N)) > X/2. Hence A+(l/N) and AQ(l/N, 1/M) 
are not separated. This contradiction proves the theorem. 
Theorem 3.9. If A and B"are separated sets then 
L*(A) + L*(B) = L*(A v/ 8) . 
Proof. Since A and B are separated, for any given £ > 0 
there exists a class a* such that L*(A - a) < 6 and • 
L*(aB) < £. Let E - A u B then L*(aE) + L*(E - a) = L*(E) 
since a is open and hence ..measurable. Therefore 
L*(aA) + L*(B - a) < L*(E). However 
L*(aA) + L*(A - a) = L*(A) 
and 
L*(aB)  +  L*(B -  a )  =  .L*(B) ,  
therefore 
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L*(A)  +  L*(B)  =  L*(aA)  +  L*(B -  a )  +  L*(A -  a )  
+ L* ( a B ) < L* ( a A) + L* ( B - a) + 26 < L* ( E ) + 26. 
Since £ is arbitrary we have L*(A) + L*\(B) < L*(E) = L*(A w B). 
But L*(A u B) < L*(A) + L*(B), therefore L*(À) + L*(B) 
= L*'(A w B) . 
Besicovitch (3) has proyen the following lemma. 
Lemma 3.7. Let.a* denote  any class such that ô(an) < p 
for each an e a*. Then for any set A and any £ > 0 there 
exists a p-^ > 0 such that 
L*(Adn) < Z 6( o u )  +  €  
p n=l . ' 
for all.p < p^, 
Theorem 3.10.' L*(A*)- = L*(Bt) = L*(A+r(jB!) 
Proof. Suppose L*(A*) = L* ( fit) + c for some c > 0. It 
k' " v B u A 
follows" from Lemma 3.7 that a number p > 0 may be fixed such 
that for any class a* with &(a ) < p we have 
00 
L*(aA+)  <  Z ô(cCn)  +  c /4 .  
n=l n 
Now choose a* such that a D B^ with ô(an) < p and 
00 
z  ô(a^)  <  L*(B+)  +  c /4 .  
n=l 
Thus L*(aAg) < L*(B*) + c/2. Let E = Ag - a? then since a is 
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measurable, 
L*(E)  =  L*(Ag -  a)  =  L*(Ag)  -  L*(aA+)  
= L*(B+) .+ c - L*(aAg) 
> L*(B+)  +  c  -  (L*(B+)  +  c /2 )  =  c /2  
Since aE = 0 for any 6 > 0 we have L*(B^ - a ) = 0 < € and" A 
L*(aE) = 0 < € . Hence BÎ and E are separated, contradicting A 
Theorem 3.7,- so that L*'(A g) < L*( B^) . The same argument 
shows that L*(B^) < L*(Ag). Therefore L*(B^) = L* ( A g ). 
Now suppose L*(Ag \j B^) = L*(Ag) + c for some c > 0. By 
Lemma 3.8 there is a class a* such that 
a D Ag, Z  b  (an) < L*(Ag) + c/4 
n=l 
and 
00 
L*(a(A+ VB+))  <  Z 6(a:  )  +  c /4 .  b  A n  
Therefore L*(a(Ag V B*)) < L* ( A g )  +  c /2 .  Let  E = (Ag V B+) - a 
then 
L*(E) = L* ((Ag u B;) - a) 
= L*(Ag y-J B^) - L* (a (Ag B^)) 
= L* ( A g ) + c - L*(a(A+QU B+)) 
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> L*(Ag) + c - (L*(Ag) + c/2) = c/2. 
Since a D Ag and aE = 0, EC B^. Then for any € > 0 
L* (Ag - a) = 0 <£ and L*(ccE) = 0 <£ , hence E and Ag are 
separated, contradicting Theorem 3.7. Hence L*(Ag U B^) 
< L*(Ag)  so  L*(AgU B+)  =  L*(Ag)  =  L^(B^) .  
Theorem 3.11. If C is any one of the sets Ag, B^ or 
Ag U B^ then: 
( i )  L * ( A )  =  L * ( A ° )  +  L * ( A + )  
( i i )  L * ( A  L / B )  =  L * ( A g )  + .  L * ( B ° )  +  L * ( C )  
(iii) L*(A) + L*(B) = L*(A v  B) + L*(C) 
Proof. (i) The sets Ag and Ag are separated by Theorem 
3.8 so that Equality i follows from Theorem 3.9. 
(ii) From Definition 3.2, A V B = Ag U v (A* u B^) . 
By Theorem 3.5 Ag and B are separated also B^ and A are 
separated. By Theorem 3.8 Ag and Ag are separated also B^ 
and B* are separated. Hence, Ag, and Ag u B^ are mutually 
separated- sets. Therefore L*. (A ^  B) = L*(Ag) + L* ( B^ ) 
+ L*(Ag V B^) by Theorem 3.9. Thus Equality ii follows frôm 
Theorem 3.10. 
(iii) From Equalities i and ii and Theorem 3.10, 
31 
L*(A)  +  L*(B)  =  L*(A°)  +  L*(A+)  +  L*(B°)  +  L*(B+)  
=  L*(A°)  +  L*(B°)  +  2L*(C)  =  L*(A wB)  + L*(C) .  
Theorem 3.12. A necessary and sufficient condition for 
A to be measurable is that L*(C^) - 0 where C = - A. 
Proof. Let W be any set such that L*(W) < 00. We. first 
show that if L*(C^) = 0 then L*(W) - L*(AW) + L*(W - A). Let 
E = W - A. •Then E C C so C and hence L*(E^) = 0. Also 
since AW C A, E^ C E* so that L*(E^) = 0. Therefore by 
Theorem 3.11, Equality iii, we have 
L*(AW) + L*(E) - L*'(E u  AW) + L^(E^) ' 
= L*(E uAW) .= L*(W) . 
Now suppose L*(C^) > 0. Let Cn = [c : c e C^, 
D*(c, A) > 1/n]. It follows from Lemma 3.4 that there is an 
integer n^ such that 0 < L*(Cffl) < 6mL*(A) < 00 for m > n^. 
+ Let B be one of the sets for n > n^, then B^ = B. Also 
let W = Ag u B^. • Then by Theorem 3.10, L*(W) = L*(Ag) 
= L*(B+) = L*(B) > 0. Thus L*(AW) + L*(W -  A)  = L*(A*) 
+ L*(B^) = 2L*(W) / L*(W). Hence A is not measurable. 
Theorem 3.13. If A is a measurable set and A = B u  C,  
then B and C are measurable if B and C are separated. 
Proof. Let 
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B' = [b : b / C, D*(b, C) > o], 
C = [c : ci B, D*(c, B) >0} 
and 
E = [e : e i A, D*(e, A) > oj. 
Then C* = (CC ) U F where 
F = £c : ce BC, D * { c ,  B) > o]. 
Therefore L*(F) = 0 by Lemma 3.1. From Theorem 3.9 and 
Theorem 3.11, Equality iii, we have 
L*(A) = L*(B) + L*(C) = L*(B) + L*(C) - L*(Cg) 
= L*(B) + L*(C) - L*(^) . 
Thus L*(Cg) = L*(b£) = L*(GCr) = L*(BBf) = 0. Since A is 
measurable L*(E) '= '0 by Theorem 3.12. Since B1 C E U (BB' ) 
and C' C E (J (CC ) we have L*(B' ) = L*(C' ) = 0. Hence B and 
C are measurable by Theorem 3.12. 
Theorem 3.14 Let A be a set such that D*(a, A) < 1 for 
all a £ A, then the set R of regular points of A and the set 
B of irregular points are separated. 
Proof. For any pair of positive numbers. 6, à ,  we define 
two sets as follows : 
R(€, à )  =  [ a  :  a e R ,  1 - €/2 < L*(AcU, r)) 
for every r < 0^ 
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and 
C L* ( Ac ( a , r )) 
B(é) = [a : a E B, ^ < 1 , 
n 
for some [r ^ C)}. 
Suppose for some pair of numbers , that the sets 
R ( ,  ô x )  a n d  B ( £ ^ )  a r e  n o t  s e p a r a t e d .  T h e n  t h e r e  i s  a  
sequence {a^ , a^ z R(£^, ôj, ) such that 
lim a = b-, 
ru- n 1 
for some b^ e B() by III following Definition 3.1. For 
every ôg» 0 < ôp < there exists an a^ such that 
c(a , r^ - ôp) ^  c ( b^, r^). From the definition of R( , ô^) 
and B(Cj-) we have, 
(1 - €/2) 2(r^ - 0%) < L*(Ac(a^, 
< L*(Ac ( b1, rN)) < (1 - 6^) 2rN. 
Since can be chosen arbitrarily small, independent of 6^ 
and b-^ (N depends on 6^) the above inequality is contradictory 
so that R(6, ô) and B(c) are separated for every pair of num­
bers €, ô. 
For any given £ > 0, R(6, 1/m) C R(£, 1/n) if m < n and 
lim R(6, 1/n) = R; 
n-+°° 
also B(l/m) C B(1/n) if m < n and 
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lim B(1/n) = B. 
n-*» 
Therefore by Lemma 3.2, for any X, > 0 there exists a pair 
of numbers n, m such that L*( B) - L*(B(l/n)) < X^ and 
L*(R) - L*(R(1/n, 1/m)) < XJ_. 
Now suppose R and B are not separated. Then there exists 
a X > 0 such that if a* is any class with the property that 
L*(R - a) < X, then L*(a S) > X. From above, there exists a 
pair of integers N, M such that L*(R) - L*(R(l/N, 1/M)) < X/2 
and L*(B) - L*(B(l/N)) < X/2. If a* is any class such that 
L*(R(1/N, 1/M) - a) < X/2 then 
L*(R - a) = L*(R) - L*(aR) < L*(R) - L*(aR( 1/N, 1/M)) 
= L*(R) - (L*(R(1/N, 1/M)) - L*(R(1/N, 1/M) - a)) . 
< X/2 + X/2 = X. 
Therefore 
X < L*(ccB) = L*(aB(l/N))+ L*(B) - L*(-B( 1/N)) 
- (L*(B - a) - L*(B(1/N) - a )) < L*(aB( 1/N)) 
+ L*(B) - L*.(B(1/N)) < L*(aB(l/N))+ X/2, 
so that L*(aB( 1/N)) > X/2. Hence R( 1/N, 1/M) and B( 1/N) are 
not separated. This contradiction establishes the theorem. 
Corollary 3.14.1. Let A be any set, then the set R of 
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regular points and the set B of irregular points are sepa­
rated . 
Proof. Let = {a : a e A, D*(a, A) > 1^ then from 
Lemma 3.5, L*(A^) = 0. Therefore 
L* ( Ac ( a , r )) = L* ((A - A^) c(a, r)) 
so R - A^ is the set of regular points of A - A^. Also 
B = B-^ U A^B where B^ = (A - A^) - R. Since L*(A^) = 0, 
R and A^ are separated and by Theorem 3.14 R - A^ and B^ are 
separated, hence R and B are separated by Lemma 3.3. 
Theorem 3.15. If the set A is measurable, then R and B 
are measurable where R is the set of regular points of A and 
B is the set of irregular points of A. 
Proof. By Corollary 3.14.1, B and R are separated and 
A = B V R. The theorem thus follows from Theorem 3.13. 
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IV. OPAQUE SUBSETS OF A SQUARE 
In this section L will denote a straight line and the 
sets Q and Q° will be defined to be: 
All sets will be subsets of Q unless otherwise stated. If B 
is any set or ordinal number |B| will denote the cardinal 
number of B. The cardinal numbers of the set of all real 
numbers and the set of all positive integers will be denoted 
by c and d respectively. 
Definition 4.1. A set A C Q is an opaque set if 
L'AQ / 0 implies L A A / 0; 
Theorem 4.1. If A is an opaque set, then 
A' = £p : p is a limit point of A] is an opaque set. 
Proof. Let L be any line such that L a Q / 0 and L^ be 
a line parallel to L such that r\ Q / 0. Let d^ denote 
the distance between L and L^. We define a sequence of lines 
[l ] as follows. For n > 2 the line Ln is parallel to L and 
between L and L^ at a distance d^/n from L. Since A is 
opaque, for each n there is a point pn e A such that pn is 
a point of L . The points pn are in Q, therefore there 
y )  :  0  <  x  <  1 ,  0  <  y  <  l ]  
and 
that 
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where p is a point of L and p e A'. Since L is arbitrary, A 
is opaque. 
Theorem 4.2. If A is a closed opaque set then there is 
a set B C A such that B is a perfect opaque set. 
Proof. Since A is closed there .is a perfect set B C A 
such that [A - B,{. < d. A proof of this statement may be 
found in Goffman (7). 
Let L be any line, such that L f\ Q / 0, and choose L^ as 
in the proof of Theorem 4.1. Let b^ be a point of B between 
Ln and L. There is such a point since there is a nondenu-
merable set of points of A between L^ and L and |A - B J < d. 
Since the points b^ are in Q there is a convergent subsequence 
b s L/l B. Thus B is opaque. 
Theorem 4.3. If A^ are nested, closed opaque sets, then 
is an opaque set. 
Proof. Let L be any line such that L A Q /  0. Then 
such that 
k5  =  b  
and b is a point of L. Since b^^\ e B and B is perfect, 
n Afi = A 
n 
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L f\ An = B / 0 and Bn is closed since Bn = (L f\ Q)A^ is the 
intersection of closed sets. Also B . , (~ B„ since A^, , C A_ 
n+1 n n+1 n 
and Bn+ ^  = '(L/lQ) An+ ^  C (L/l Q)A^ = B^. By the Cantor 
Product Theorem, 
/A B^ =  B /  0  
n 
and since B ÇL A we have 
n n 
B n c n  A n .  
n n 
Therefore L/lAO L/l B = B is not empty, hence A is opaque. 
The following examples show that Theorems 4.2 and 4.3 
are not true if the set A in Theorem 4.2 is not closed and 
the sets A^ of Theorem 4.3 are not closed. 
Example 4.1. Let A = (Q - (Q° U jpj U [pg] )) U [p3^  
where p1 = (1/2, 0), p2 = (1/2, 1) and p3 = (1/2, 1/2). Then 
A is opaque however it does not contain a perfect opaque 
subset. 
Example 4.2. Let A = £p : p e Q, p = (x, y), x / 1/2^ 
and A^ = A U 1 where ln = £p : p = (1/2, y), 0 < y < l/n$. 
Then A^ is opaque, A^+^ C A^ for each n, but 
f\ A = A 
n n 
which is not opaque. 
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A set B is well-ordered by the ordering < if, given any 
non-empty subset A of B, there exists an element a e A such 
that a < a1 for any a' s A - a . A set B is best-well-ordered 
by the ordering < if B is well-ordered by < and for every 
b e B, jBj^j < IB | where B^ = £p : p E B, p < b]. The axiom 
of choice implies that every set can be well-ordered. 
Theorem 4.4. Every set B can be best-well-ordered. 
Proof. Let < denote an ordering which well-orders B and 
B-^ = jjD : be B, f B^j = |B|j. If B^ is empty then B is best-
well-ordered by <. If B^ is not empty then there is a first 
element of b1 of B^. Let B^ = £b : b E B, b < b1J, then 
jBgl = j B| so there exists a one-to-one correspondence be- — 
tween B^ and B. Since is well-ordered by < a well-
ordering <1 is induced on B by this one-to-one correspondence 
between B and B^. From the definition of B^ and b1 it fol­
lows that the ordering <1 is a best-well-ordering. 
Definition 4.2. A set A is an opaque set of degree a if 
L rt Q° / 0 implies | Ln A | = a. 
Theorem 4.5. For any cardinal number a? such that 
2 < a < c, there exists an opaque set, A, of degree a. 
Proof. The set A will be defined by transfinite induc­
tion. There are c lines which intersect Q°; best-well-order 
the set of these lines to form a transfinite sequence, 
Lp L2j ... 5 Ly, .... Suppose A^ C L^ r\ Q has been 
defined for all 0 < y such that L^ contains exactly a points 
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of Ap and at most a points of 
.. 
are collinear. If L contains exactly a points of 
p V y V  
let A = 0. If contains r\ points of 
aq , t] k (x 5 
P < Y  ^  
then A must be a subset of L A Q such that 
Y Y 
• V ^ p V r V  
contains a points and such that at most a points of 
Hr AP 
are collinear. 
To complete the proof we need only to show that for any 
y, |y I < c, there exist points in L A Q which satisfy the 
conditions of the construction. 
First suppose a = n is. a positive integer greater than 
or equal to two. Let v be the cardinality of all possible 
n-tuples, whose entries are elements of 
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My V  
Then v is greater than or equal to the cardinality of the set 
of distinct lines, each containing n points of 
pVy V 
Since L,, L~, ..., L , ... is best well-ordered i z y 
|pU Ap| < ,y,n < c. 
If 
,Yy^ 
is not finite then 
v 
~ I ^ arI" ~ I ^ aR I < c' 
I P < Y n b < Y p 
while if 
I M  A e  
is finite so is v. Hence at most v points of Q will not 
satisfy the conditions of the construction; therefore the 
construction is valid for any finite a. 
If a is an infinite cardinal number, a < c, we may choose 
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any points of L^. Q for A . Since if 
L n (  U  Ar) 
P < T  ^  
contains no more than a points, then 
LA(  U  A ) 
B <Y 9 
contains no more than a points. 
There is no opaque set of degree one, since the set must 
contain at least two points and there is a line containing 
these points. The sets Q - Q° and Q are opaque sets of 
degrees two and c respectively. 
The linear measure of the projection of a measurable 
set A onto a line perpendicular to the direction 9 is mea­
surable (14) and will be denoted by L(P(A, 0)). A set will be 
referred to as a measurable set if it is linearly measurable 
and of finite measure. 
The following theorems will be used in the remainder of 
this section. The proofs of Theorems 4.6 and 4.7 may be 
found in Besicovitch (3, 4), respectively, and the proofs of 
Theorems 4.8 and 4.9 may be found in Eggleston (6). 
Theorem 4.6. The set of all regular points of a mea­
surable set is a regular set and the set of irregular points 
is an irregular set. 
Corollary 4.6.1. Any measurable set is the sum of a 
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measurable regular set and a measurable irregular set. 
Proof. This corollary follows immediately from Theorem 
4.6 and Theorem 3.15. 
,/f 
Theorem 4.7. The projection of a measurable irregular 
set on almost all directions is of measure zero. 
Corollary 4.7.1. If A is a measurable irregular set 
then A is not opaque. 
Proof. The measure of the projection of an opaque set 
in any direction is greater than or equal to one. 
Theorem 4.8. If A is a measurable regular set then 
L(P(A, 0)) is a continuous function of 0. 
Theorem 4.9. If A is a measurable regular set then 
2, 
L(P(A, 0)) de < 4L(A) . 
* 
0 
Theorem 4.10. If A is a measurable opaque set and 
A = A^U Ag where A^ is a measurable regular set and A^ is 
a measurable irregular set then L(P(A, ©)) = L(P(A^, ©)) . 
Proof. Such decompositions exist by Corollary 4.6.1. 
Since A is opaque, L(P(A, 0)) = L(P(Q, 0)) , L(P(Q, 0)) is a 
continuous function of 0 and by Theorem 4.8 L(P(A^, 0)) is 
a continuous function of 0. Since A^ C A, 
L ( P ( A  , 0)) < L(P(A, ©)). By Theorem 4.7, L(P(A2, 0))= 0 for 
almost all values of 0. Hence 
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L ( P ( A, 6)) < L(P(A1, e))+ L(P(A2, e)) = L(P(A1, 0)) 
for almost all values of 0. Since L(P(A, 6)) and L(P(A^, 0)) 
are continuous functions of 0, L(P(A, ©)) = L(P(A^, 0)) . 
The following theorem improves the previously known 
bound for measurable opaque sets. (See Introduction.) 
Theorem 4.11. If A is a measurable opaque set, then 
L(A) > 2. 
Proof. Since A 'is opaque, L(P(A, ©)) = L(P(Q, ©)) and 
hence 
27T 
L(P(A, 0)) d@ =4 
0 
TT/2 
n/2 cos (it/4 - 0) d0 = 8 
0 
Let A^ be the set of regular points of A and A^ = A - A^. 
Then by Theorems 3.15, 4.6 and 4.10, L(P(A^, ©)) •= L(P(A, ©)) 
so by Theorem 4.9, 
27r 27T 
L(P(AX, ©)) d© = ...L(P(A, ©)) d© = 8 < 4L (A) 
0 0 
Hence L(A) > 2. 
Example 4.3. Let f(p) be the sum of the distances from 
p to each of the points (0, 1), (1, 1) and (1, 0). The 
minimum value of this function is 
f(?) = ^  % A 
The set consisting of the three closed line segments 
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connecting p and (0, 1), p and (1, 1), p and (1, 0) and the 
closed line segment connecting (0, 0) and (1/2, 1/2) is 
opaque and has measure 
J2 + •§. 
It is not known whether or not there exists a mea­
surable opaque set, A, such that 
1 
2 
3 
4 
5 
6 
7 
8 
9 
10 
11 
12 
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